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ABSTRACT 

Certain new tensors have been defined and studied in a Finsler space by Rastogi[4], while recently Rastogi[6] 

has introduced some new tensors Dijk and Qijketc. in a Finsler space of three dimensions in the following form: 

 Dijk = D(1)mimjmk + D(2)ninjnk + Σ(ijk){D (3) mimjnk-D(1) minjnk}                                                                               (1.1) 

and 

 Qijk = {D (1) / 0 -3 D(3) h0} mimjmk + (D(2) / 0 -3D(1)h0) ninjnk 

     + Σ(ijk)[{(D  (3) / 0 +3 D(1)h0} mimjnk - {D(1)/ 0+ (D(2)- 2 D(3)) h0} minjnk]                                                                            (1.2) 

 The tensor Dijk so introduced satisfies Dijk l
i = 0 and Dijkg

jk = Di = D ni and is similar to Cijk while Qijk = Dijk/ 0is 

similar to Pijk. The purpose of the present paper is to introduce tensors 1Dijk and 2Dijkin a Finsler spaceof four dimensions 

F4 and study some of their properties. It is important to notice that in F4 instead of one Dijk,we have two such tensors. 
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2. INTRODUCTION 

Let F4 be a Finsler space of four dimensions with the metric function L(x,y), and Moor’s frame (li, mi, ni, pi) such 

that the metric tensor gij(x,y) and angular metric tensor are given as   

 gij(x,y) = lil j + mimj + ninj + pipj, hij = mimj + ninj + pipj                                                                                                                                       (2.1) 

 The h(hv)-torsion tensorCijk in F 4 is given as Rastogi [5]: 

Cijk = C(1) mimjmk + C(2)ninjnk + C(3) pipj pk + C(4)∑(ijk) {m injnk}  

 + C(5) ∑(ijk) {m ipj pk}+ C(6)∑(ijk) { ninj pk} + C(7)∑(ijk) {n ipj pk} – (C(2) + C(7)) 

 ∑(ijk) {m imjnk} -(C(3) + C(6)) ∑(ijk) {m imj pk} + C(8) ∑(ijk) {m i (nj pk + nkpj)},                                                          (2.2) 

Where C(1) to C(8) are eight arbitrary scalars which can be determined. 

 The h-covariant derivative of vectors mi, ni and pi are respectively given by 

      mi/r = αrni + βr pi, ni/r = -αr mi + γr pi, pi/r = - βr mi – γrni,                              (2.3) 
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Where vectors αr, βr and γr are unknown to be determined and are called three h-connection vectors in F4.  

 The torsion tensor Pijkin F4is expressed as 

Pijk = P(1) mimjmk+ P(2)ninjnk + P(3)pipj pk + P(4) ∑(ijk){m injnk}  

 + P(5)∑(ijk){m ipj pk}+ P(6) ∑(ijk){n inj pk}+ P(7) ∑(ijk){n ipj pk}  

 + P(8) ∑(ijk){m i( pjnk+ pknj) + {-(C(2) + C(7))/ 0 + (C(1) – 2C(4)) α0 

 – 2C(8) β0 + (C(3) + C(6)) γ0}∑(ijk){m imjnk}+ {-(C (3) + C(6))/ 0 – 2 C(8) α0 

 + (C(1) – 2C(5)) β0 – (C(2) + C(7)) γ0}∑(ijk){m imj pk}                       (2.4) 

Where  

 P(1) = C(1) / 0 – 3 C(7) α0 + 3(C(3) + C(6)) β0, 

 P(2) = C(2) / 0 + 3 C(4) α0 – 3 C(6) γ0,  

 P(3) = C(3) / 0 + 3 C(5) β0 + 3 C(7) γ0,  

 P(4) = C(4) / 0 –(3C(2) + 2 C(7)) α0 – C(6) β0 – 2 C(8) γ0 

 P(5) = C(5) / 0 – C(7) α0 –(3C(3) – 2C(6)) β0 + 2 C(8) γ0},  

 P(6) = C(6) / 0 + 2 C(8) α0 + C(4) β0 + (C(2) – 2 C(7)) γ0, 

 P(7) = C(7) / 0 + C(5) α0 + C(8) β0 + (2C(6) –C(3)) γ0,  

 P(8) = C(8) / 0 –(C(3)+ 2C(6)) α0 –(C(2)+ 2C(7)) β0+(C(4) – C(5)) γ0. 

 The v-covariant derivative of vectors li, mi, ni and pi are respectively given by 

  L li//j = hij, L mi//j = - limj + niuj + pivj,  

 L ni//j = - linj – miuj + piwj, L pi//j = -(lipj + mivj + niwj)          (2.5) 

Where  

 L eα) i/j = Vα) βγ eβ) ieγ) j and ui = u eγ) i, vi = v eγ) i, wi = w eγ) i. 

3. SOME NEW TENSORS OF SECOND ORDER AND THEIR h-COVARIANT DERIVATIVES 

Definition 3.1: In a Finsler space of four dimensions F4, we define non-zero second order symmetric tensors 1A ij(x,y), 
2A ij(x,y),3A ij(x,y), 1Bij(x,y), 2Bij(x,y) and 3Bij(x,y), given by 

1A ij(x,y) = ∑(ij){l imj}, 
2A ij(x,y) = ∑(ij){l inj}, 

3A ij(x,y) = ∑(ij){l ipj}                                                                                         (3.1) 

and 

 1Bij(x,y) =∑(ij){n imj}, 
2Bij(x,y) = ∑(ij){p imj}, 

3Bij(x,y) = ∑(ij){n ipj}       (3.2) 

From equations (3.1) and (3.2), their h-covariant derivatives give  

1A ij/k = αk
2A ij + βk

3A ij, 
2A ij/k = - αk

1A ij + γk
3A ij, 

3A ij/k = - βk
1A ij - γk

2A ij          (3.3) 

and 
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1Bi/|k = -2 αk(mimj – ninj) + βk
3Bij + γk

2Bij,  

 2Bij/k = αk
3Bij - 2 βk (mimj – pipj) - γk

1Bij,  

3Bij/k = - αk
2Bij - βk

1Bij – 2 γk(nInj – pipj)            (3.4) 

 From equations (3.3) and (3.4) we can obtain 

Theorem 3.1: In a four dimensional Finsler space F4, tensors 1A ij/k,
2A ij/k, 

3A ij/k, 
1Bij/k, 

2Bij/k and 3Bij/k satisfy equations 

 1A ij/k + 2A ij/k + 3A ij/k = - (αk + βk) 
1A ij – (γk - αk)

 2A ij + (βk + γk) 
3A ij        (3.5) 

and 

  1Bij/k+ 2Bij/k+ 3Bij/k = - (βk+ γk)(
1Bij – 2pipj) +( γk - αk)(

2Bij -2 ninj)  

     +(αk+ βk)(
3Bij- 2mimj)                      (3.6) 

Definition 3.2: In a Finsler space of four dimensions F4, we define non-zero second order symmetric tensors 1Uij(x,y), 
2Uij(x,y), 3Uij(x,y), 1Tij(x,y), 2Tij(x,y) and 3Tij(x,y), given by 

 1Uij = mi mj – ninj, 
2Uij = ninj- pipj, 

3Uij = pipj- mimj           (3.7) 

and  

 1Tij = mimj + ninj, 
2Tij = ninj + pipj, 

3Tij = pipj + momj     (3.8) 

 The h-covariant derivatives of these tensors are given by 

 1Uij/k = 2 αk
1Bij + βk

2Bij - γk
3Bij,

2Uij/k = - αk
1Bij + βk

2Bij +2 γk
3Bij,  

3Uij/k = - αk
1Bij -2 βk

2Bij - γk
3Bij ,   (3.9) 

 1Tij/k = βk
2Bij + γk

3Bij,
2Tij/k = - αk

1Bij - βk
2Bij, 

3Tij/k = αk
1Bij - γk

3Bij.                                                                      (3.10) 

Definition 3.3: In a Finsler space of four dimensions F4, we define non-zero second order skew-symmetric tensors 
1Eij(x,y), 2Eij(x,y), 3Eij(x,y), 1Fij(x,y), 2Fij(x,y) and 3Fij(x,y), given by 

 1Eij = limj – mil j, 
2Eij = linj – nil j, 

3Eij = lipj – pil j,  (3.11) 

 1Fij = minj – mjni, 
2Fij = mipj – mj pi, 

3Fij = nipj – nj pi (3.12) 

 The h-covariant derivatives of these tensors satisfy 

 1Eij/k = αk
2Eij + βk

3Eij, 
2Eij/k = - αk

1Eij + γk
3Eij, 

3Eij/k = - βk
1Eij + γk

2Eij (3.13) 

and 

 1Fij/k = γ k
2Eij - βk

3Fij, 
2Fij/k= αk

3Fij - γk
1Fij, 

3Fij/k = βk
1Fij - αk

2Fij  (3.14)  

From equations (3.13) and (3.14) we can obtain 

Theorem 3.2: In a four dimensional Finsler space F4, tensors 1Eij/k,
2Eij/k, 

3Eij/k, 
1Fij/k, 

2Fij/k and 3Fij/k satisfy equations   

 1Eij/k + 2Eij/k + 3Eij/k = αk(
2Eij – 1Eij) + βk(

3Eij – 1Eij) + γk(
3Eij – 2Eij)                                                                     (3.15) 

and 
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1Fij/k + 2Fij/k + 3Fij/k = αk(
3Fij – 2Fij) + βk(

1Fij – 3Fij) + γk(
2Fij – 1Fij)  (3.16) 

4. V-COVARIANT DERIVATIVES OF SECOND ORDER TENSORS 

The v-covariant derivatives of second order tensors defined in (3.1) and (3.2) give 

 1A ij//k = L-1{ 2(mimj- lil j) mk + nk
1Bij + pk

2Bij + uk
2A ij + vk

3A ij}, 

 2A ij//k = L-1{ 2 (ninj –lil j) nk + mk
1Bij + pk

3Bij – uk
1A ij + wk

3A ij}, 

 3A ij//k = L-1{ 2(pipj – lil j) pk + mk
2Bij + nk

3Bij - vk
1A ij – wk

2A ij  },                       (4.1) 

and  

1Bij//k = L-1{2(ninj – mimj)uk + vk
3Bij – wk

2Bij – mk
2A ij – nk

1A ij}, 

 2Bij//k = L-1{2(pipj- mimj)vk + uk
3Bij – wk

1Bij – mk
3A ij – pk

1A ij}, 

 3Bij//k = L-1{2(pipj – ninj) wk – uk
2Bij – vk

1Bi – nk
3A ij – pk

2A ij}        (4.2) 

From equations (4.1) and (4.2), we can obtain 

Theorem 4.1:  In a four dimensional Finsler space F4, tensors 1A ij//k,
2A ij//k, 

3A ij//k,
 1Bij//k, 

2Bij//k and 3Bij//k satisfy following 

equations 

 1A ij//k + 2A ij//k, + 3A ij//k = L-1[2{(m imj – lil j)mk + (ninj-l il j)nk + (pipj-l il j)pk}  

                         + mk(
1Bij + 2Bij)+ nk(

3Bij + 1Bij) + pk(
2Bij + 3Bij) 

  + uk (
2A ij – 1A ij) + vk(

3A ij – 1A ij) + wk (
3A ij – 2A ij)]           (4.3) 

and 

1Bij//k + 2Bij//k, + 3Bij//k = L-1[2{(n inj-mimj)uk + (pipj-mimj)vk 

  + (pipj-ninj)wk} – mk(
2A ij + 3A ij) - nk(

3A ij+
1A ij) 

- pk(
1A ij +

2A ij)+ uk(
3Bij -

2Bij) + vk(
3Bij -

1Bij) 

  - wk(
1Bij +

2Bij)]     (4.4) 

The v-covariant derivatives of second order tensors defined in (3.7) and (3.8) give 

 1Uij//k = L-1{-mk
1A ij + nk

2A ij + uk(
1Bij + 2ninj) + vk

2Bij + wk
3Bij}, 

 2Uij//k = L-1{- nk
2A ij + pk

3A ij -2 ukninj + vk
2Bij}, 

 3Uij//k = L-1{mk
1A ij – pk

3A ij – uk
1Bij – 2 vk

2Bij – wk
3Bij}, 

 1Tij//k = L-1{-mk
1A ij - nk

2A ij + uk( 
1Bij – 2 ninj) + vk

2Bij - wk
3Bij}, 

 2Tij//k = L-1{- nk
2A ij - pk

3A ij -2 ukninj - vk
2Bij – 2 wk

3Bij}, 

 3Tij//k = L-1{- mk
1A ij – pk

3A ij + uk
1Bij– wk

3Bij}            (4.5) 

While the v-covariant derivatives of second order tensors defined in (3.11) and (3.12) give 

 1Eij//k = L-1(-nk
1Fij + pk

2Fij + uk
2Eij + vk

3Eij), 
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 2Eij//k = L-1(mk
1Fij – pk

3Fij – uk
1Eij + wk

3Eij), 

 3Eij//k = L-1(mk
2Fij + nk

3Fij – vk
1Eij – wk

2Eij), 

 1Fij//k = L-1(-mk
2Eij + nk

1Eij – vk
3Fij + wk

2Fij), 

 2Fij//k = L-1(- mk
3Eij + pk

1Eij + uk
3Fij – wk

1Fij), 

 3Fij//k = L-1(- nk
3Eij + pk

2Eij – uk
2Fij + vk

1Fij)           .(4.6) 

5. D-TENSOR OF FIRST KIND 

 In F4, there exists D-tensors of two kind. In this section we shall define D-tensor of first kind. Let 1Dijk, be the D-

tensor of first kind, which is such that 1Dijk l
i = 0 and 1Dijkg

jk = 1Di = 1D ni. Any third order tensor in F4, satisfying above 

properties can be expressed as  

1Dijk = D(1) mimjmk + D(2)ninjnk + D(3) pipj pk + D(4) ∑(ijk) {m imjnk}  

           + D(5)∑(ijk){m imj pk} + D (6)∑(ijk){n injmk} + D (7) ∑(ijk){m i (nj pk + nkpj)}  

           + D8)∑(ijk){n inj pk} + D (9)∑(ijk){p ipjmk} + D (10)∑(ijk){p ipjnk}                        (5.1) 

Multiplying equation (5.1) by gjk, we obtain on simplification 

1Di = (D(1) + D(6) + D(9))mi + (D(2) + D(4) + D(10))ni + (D(3) + D(5) + D(8))pi          (5.2) 

Which implies 

D(1) + D(6) + D(9) = 0, D(2) + D(4) + D(10) = 1D, D(3) + D(5) + D(8) = 0                         (5.3) 

Substituting from (5.3) in (5.1), we can write 

1Dijk = D(1) mimjmk + D(2)ninjnk + D(3) pipj pk + D(4) ∑(ijk) {m imjnk}  

           + D(5)∑(ijk){m imj pk} + D (6)∑(ijk){n injmk} + D (7) ∑(ijk){m i (nj pk + nkpj)}  

            -(D(3) + D(5))∑(ijk){n inj pk} - (D (1) + D(6))∑(ijk){p ipjmk}  

  + (1D-D(2) –D(4))∑(ijk){p ipjnk}                        (5.4) 

From equation (5.4), we can give 

Definition 5.1: In a four- dimensional Finsler space F4, the tensor 1Dijk defined by equation (5.4) is called D-tensor of first 

kind.  

 This tensor can also be expressed as 

1Dijk = ∑(ijk){m iX jk + niY jk + piZjk},                                            (5.5) 

Where 

X jk = (1/3) D(1)mjmk + (1/2) D(4) (mjnk + mknj)  

            + (1/2) D(5)(mj pk + mkpj) + (1/3) D(7)(pjnk + pknj)                               (5.6) 

Y jk = (1/3) D(2)njnk – (1/2)(D(3) + D(5))(nj pk + nkpj) 
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           +(1/2) D(6) (mjnk + mknj) + (1/3) D(7)(mj pk + mkpj)                   (5.7) 

Zjk = (1/3) D(3)pj pk + (1/2)(1D- D(2) – D(4))(nj pk + nkpj) 

           - (1/2)(D(1) + D(6))( mj pk + mkpj) + (1/3) D(7)(mjnk + mknj)             (5.8) 

are symmetric tensors of second order.  

 These tensors defined above satisfy 

X jkm
k = (1/3) D(1)mj + (1/2) D(4)nj + (1/2) D(5)pj,  

 Xjkn
k = (1/2) D(4)mj + (1/3) D(7)pj, 

X jk p
k = (1/2) D(5)mj + (1/3) D(7)pj,  

 Yjkm
k= (1/2) D(6)nj + (1/3) D(7)pj, 

Y jkn
k = (1/3)D(2)nj -(1/2)(D(3)+ D(5))pj + (1/2) D(6)mj,  

 Yjk p
k = -(1/2) (D(3) + D(5))nj + (1/3) D(7)mj, 

Zjkm
k = -(1/2)(D(1) + D(6)) pj + (1/3) D(7)nj,  

 Zjkn
k= (1/2)(1D- D(2) – D(4))pj+ (1/3) D(7) mj, 

Zjk p
k = (1/3) D(3)pj + (1/2)(1D- D(2) – D(4)) nj - (1/2)(D(1) + D(6)) mj.                        (5.9) 

6. D-TENSOR OF SECOND KIND 

 In this section we shall define asymmetric D-tensor of second kindand denote it by 2Dijk, which satisfies 2Dijk l
i = 0 

and 2Dijkg
jk = 2D pi. Any third order tensor satisfying these properties can be expressed as 

2Dijk = D*(1) mimjmk + D*(2)ninjnk + D*(3) pipj pk + D*(4) ∑(ijk) {m imjnk}  

             + D*(5)∑(ijk){m injnk} + D* (6)∑(ijk){m imj pk} + D* (7) ∑(ijk){m i (nj pk + nkpj)}  

             + D*(8)∑(ijk){m ipj pk} + D* (9)∑(ijk){n ipj pk} + D* (10)∑(ijk){n inj pk}         (6.1) 

Multiplying equation (6.1) by gjk, we obtain on simplification 

2Di = (D*(1) + D*(5) + D*(8)) mi + (D*(2) + D*(4) + D*(9))ni 

 + (D*(3) + D*(6) + D*(10))pi            (6.2) 

Which gives  

 D* (1) + D*(5) + D*(8) = 0, D*(2) + D*(4) + D*(9) = 0, 

  D*(3) + D*(6) + D*(10) = 2D            (6.3) 

Substituting from equation (6.3) in (6.1), we get 

2Dijk = D*(1) mimjmk + D*(2)ninjnk + D*(3) pipj pk + D*(4) ∑(ijk) {m imjnk}  

              + D*(5)∑(ijk){m injnk} + D* (6)∑(ijk){m imj pk} + D* (7) ∑(ijk){m i (nj pk + nkpj)}  

              -(D*(1) + D*(5))∑(ijk){m ipj pk} + (D* (2) + D*(4))∑(ijk){n ipj pk}  
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              + (2D-D* (3) –D*(6)) ∑(ijk){n inj pk}                                 (6.4) 

From equation (6.4), we give 

Definition 6.1: In a four- dimensional Finsler space F4, the tensor 2Dijk defined by equation (6.4) is called D-tensor of 

second kind. 

 This tensor can also be expressed as 

2Dijk = ∑(ijk) {X* jk mi + Y* jkni + Z*jk pi},           (6.5) 

Where 

      X*jk = (1/3) D*(1)mjmk + (1/2) D*(4)(mjnk + mknj)  

+ (1/2) D*(6)(mj pk + mkpj) + (1/3) D*(7)(nj pk + nkpj)           (6.6) 

      Y*jk = (1/3) D*(2)njnk + (1/2) D*(5) (mjnk + mknj) 

 + (1/2) (2D-D* (3) – D*(6))(nj pk + nkpj) + (1/3) D*(7)(mj pk + mkpj)        (6.7) 

      Z*jk = (1/3) D*(3)pj pk +(1/2) (D*(2) + D*(4)) (nj pk + nkpj) 

- (1/2) (D*(1) + D*(5))(mj pk + mkpj) + (1/3) D*(7)(mjnk + mknj)          (6.8) 

are symmetric tensorsof second order. These tensors satisfy 

X* jkm
k = (1/3) D*(1)mj + (1/2) D*(4)nj + (1/2) D*(6)pj,  

 X* jkn
k= (1/2) D*(4)mj + (1/3)D*(7)pj 

      X*jk p
k = (1/2) D*(6)mj + (1/3) D*(7)pj,  

 Y* jkm
k = (1/2) D*(5)nj + (1/3) D*(7)pj, 

      Y*jkn
k = (1/3) D*(2)nj + (1/2) D*(5)mj + (1/2) (2D-D* (3) – D*(6)) pj,  

      Y*jk p
k = (1/2) (2D-D* (3) – D*(6))nj + (1/3) D*(7)mj,  

      Z*jkm
k = - (1/2) (D*(1) + D*(5))pj + (1/3) D*(7)nj,  

      Z*jkn
k = (1/2) (D*(2) + D*(4)) pj +(1/3) D*(7)mj, 

      Z*jk p
k = (1/3) D*(3)pj +(1/2) (D*(2) + D*(4)) nj - (1/2) (D*(1) + D*(5)) mj.       (6.9) 
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