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ABSTRACT

Certain new tensors have been defined and studiedRinsler space by Rastogi[4], while recently ®Rg{6]

has introduced some new tensokg &8nd Qyetc. in a Finsler space of three dimensions inftflewing form:

Dix = Doymmm + Dynining + Ziig{D @) MMyni-Dgy mning 1.1)
and
Qi = {D()/0-3 D) ho} mmymy + (D2, 0-3D(3)ho) nimjn
+ Ziiigl{(D (3)/0+3 Dyho} mmyny - {Daay o+ (D2 2 D)) ho} mininyd (1.2)

The tensor R so introduced satisfies;PI' = 0 and Dy g* = D; = D n; and is similar to G while Qy = Dy ois
similar to Ry. The purpose of the present paper is to introctecsorleijk andzDukin a Finsler spaceof four dimensions

F* and study some of their properties. It is impottannotice that in Einstead of one R.we have two such tensors.
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2. INTRODUCTION

Let F* be a Finsler space of four dimensions with theriméinction L(x,y), and Moor’s frame'(Im, n, p) such

that the metric tensor;(x,y) and angular metric tensor are given as
gi(x,y) = llj + mm; + nn; + pp;, Ky = mm; + nn; + pp, (2.1)
The h(hv)-torsion tensogdn F“is given as Rastogi [5]:
Cij = Gy mmymy + Cynining + Gy PRy P + Gy {Minni
+ Ge) 2 {Miby Pd+ CeXn { Niny Pt + Cny2iw {niby Pt — (C) + Cry)
i IMiming -(Ca) + Ce)) iy {IMimy Pt + Cegy iy {Mi (0 pe + ey} (2.2)
Where G to Cg, are eight arbitrary scalars which can be deterdhine
The h-covariant derivative of vectors, m and pare respectively given by

My = oy + Br P, Ny = 0 My + 9, B, Py = - Br My =y, (2.3)
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2 S. C. Rastogi

Where vectors,, B, andy, are unknown to be determined and are called twa@nnection vectors in'F

The torsion tensor;kn Fis expressed as
Pik = Pay mmymi+ Payninine + Paypip; P + Py 2o {minni}

+ P2 {mip; pd+ P Zan{nin pd+ Py Zaw{nie pd

+ Pg) X {mi( gt pay) + {-(Cz) + Crp)so + (Cuy — 2Gay) @0

—2Gg) Bo + (C + Gey) Yo} aiimimingd+ {-(C 3 + Ce))io— 2 Ggy a0

+(Ca) — 2Gs)) Bo — (C2) + Cry) Yo} X {mim; put (2.4)
Where

Pw) = Guyro— 3 Gy o0 + 3(Ga) + Ge) Bo,

P2 = G210+ 3 Ga 40— 3 Ge) Yo,

Py = CGar0+ 3 Qs o+ 3 Gy Yo,

Py = Cay10=(3Ga) + 2 Gz)) 00 = Ge) Bo— 2 Gg) Y0

Ps) = Ge) /0= Gr) 00 ~(3Cs) — 2G)) Po + 2 Gg Yo},

Pe)= Geyo* 2 e 0o + Gy Po + (C2) = 2 Gr) o,

Poy= Goyro+ Ge) o+ Ggy fo + (2Gs) —Ca) Yo,

Pe) = Ge)/0—~(Cart 2Ge) 0 —(Car+ 2Cr) Bot(Ca) — Gs)) Yo

The v-covariant derivative of vectorsh, n and p are respectively given by

L iy = by, L my; = - kmy + iy, + py;,

L iy = - knj— mu + pwj, L pyg = -(lip + my; + nw;) (2.5)
Where

L €y = Vo py & i€)j aNd U= U €, Vi =V &), Wi = W ).
3. SOME NEW TENSORS OF SECOND ORDER AND THEIR h-COVARIANT DERIVATIVES

Definition 3.1: In a Finsler space of four dimension$ e define non-zero second order symmetric tenSoy&,y),
2'A\ij (Xiy)!SAij (X,y), 1Bij(xvy)! ZBij(Xiy) anngij(va)! given by

AOGY) = Zapdlimd, Ai(xy) = Ypfling, CAiy) = Zepdl e (3.1)
and

"By (x.y) =X {nim}, “Bi(x.y) =X {pim}, *Bi(xy) = Zap{nip} (3.2)
From equations (3.1) and (3.2), their h-covariaarivétives give
A = oA+ BAG, PAik = - A + 1A, Pk = - Bl A - 1A (3.3)
and
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By = -2 o(mimy; — ny) + BBy + 1By,
“Bix = By - 2B (MM, — ppy) - 7By,
*Byx = - a’Bj - BBy — 2v(niny — pp) (3.4)
From equations (3.3) and (3.4) we can obtain
Theorem 3.1:In a four dimensional Finsler spack ©nsorsAj,*Ajx, *Ajk, Bix, “Bijx and®Byy satisfy equations
A+ A+ A = - (o Bl A — (- o) A+ B+ 1) Ay (3.5)
and
Bijt “Bijt “Bij = - Bict v ('Bij — 2pp) +( vk - i) (B -2 )
+@uct BICBy- 2mmny) (3.6)

Definition 3.2: In a Finsler space of four dimension’ #e define non-zero second order symmetric ten’stdq;(sgy),
2U506Y), *U5(xy), "Tiay), “Ty(xy) and®T;(x,y), given by

"Uj = mm —nn, °U; = nny- pp;, U5 = pp- mm, (3.7)
and
Ty = mm; + nn, *Ty = nny + pp;, °T; = pp, + mym, (3.8)
The h-covariant derivatives of these tensors atengoy
1Uij/k = 20Lleij + Bszij - yksBij,zUij/k =- aleij + Bszij +2 'YksBijy
Uik = - o' Byj -2 BBy - By, (3.9)

Tk = BBy + 1 Bi, Tijk = - o' By - BBy, “Ti = aw'Byj - 11 B (3.10)

Definition 3.3: In a Finsler space of four dimension§ We define non-zero second order skew-symmetrisaes
i (xY), *Ei(x.Y), Ei(x.y), "Fi(x.y), "Fi(x.y) and’Fi(x,y), given by

'Ej = bmy — ml;, By = iy — nl;, °E; = gy -l (3.11)

'Ry = mn —mn, °Fy = mp - m p, Ry =np - n p (3.12)

The h-covariant derivatives of these tensorsfyatis

'Ejk = a’Ej + BEj, “Eix = - a'Ej + v By, "By = - BCEj + WEy (3.13)
and

"Fik =7 CEj - BFi, Fin= aFy - 1iCFi “Fi = Be'Fy - o’F (3.14)
From equations (3.13) and (3.14) we can obtain
Theorem 3.2:In a four dimensional Finsler spack ©nsorsEj,’Eix, *Eix, ‘Fik, “Fix and’Fy, satisfy equations

"Ein + By + By = aCEj —'Ey) + BuCEj —Ey) + 1By —°Ey) (3.15)

and
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4 S. C. Rastogi
"Fi + Fip + Fipe = Ry —Fy) + Bi('Fy =) + Ry — ') (3.16)
4. V-COVARIANT DERIVATIVES OF SECOND ORDER TENSORS
The v-covariant derivatives of second order tendefged in (3.1) and (3.2) give

A = L 2(mimy- 1) m + 0By + pBy + UCA; + ViCA},

A = L 2 (miny =k1) n + mBy + pBij — WA + WA},

A = LY 2(pipy — 1)) P+ mBj + nBy - WA — WA 3, (4.1)
and
By = LH2(niny — mm)u + vi'Bjj — w’Bj — mA; — nd'Aql,

By = L{2(pip- mmyvic + UBy — w'Byj — mEA; — pA},

B = LH{2(pip; — nm) Wk — uBj — w'Bi — nPA; — pPA;} (4.2)
From equations (4.1) and (4.2), we can obtain

Theorem 4.1: In a four dimensional Finsler spacd EnsorsAj, Ay, A, Bi, Bix and*Bjy satisfy following

equations
A+ A, + A = L 2{(mim; — H)mi + (an-lilne + (ppi)pid
+ /'B; + °By)+ n(’Bj + 'By) + n’By +°By)
+ U CA =AY + wCA =AY + wi CAj —2A)] (4.3)
and
"By + “Bigi, + By = L 2{(nin-mimy)uic + (Rp-mimy)vie
+ (pp-nimwid — mCA; +°Ay) - nCA+HA;)
- (A FAD+ uBy By + w(®Bij -'By)
- wi('Bj +'By)] (4.9)
The v-covariant derivatives of second order tendefied in (3.7) and (3.8) give
Wi = LH{EmiGA; + néAy + u('By + 2nm) + vZBy + w By},
Ui = L= Ay + plA; -2 uniny + w’By},
Ui = LM A — RA; — U'By — 2 WBj — W’B)},
T = LYEmCA; - nPA; + u( "By — 2 nn) + W’Bj - wi’By},
i = L= niZA; - pOA; -2 uning - viBj — 2 wBy},
Ty = L= mdAy — pPA; + U'By— wiBy} (4.5)
While the v-covariant derivatives of second oragrsbrs defined in (3.11) and (3.12) give
"By = L(-ndFy + poFy + UE; + W),
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By = L MRy — Ry — WE; + WEy),

By = LY MER; + nFy — W'E) — WE;),

"Fin = LI-mEEy + ndEj — V'R + W),

2k = L= m3Ej + pEj + ulFy — w'Fy),

*Fi = L'(- nEj + pCEj — UCFy + W'Fy) .(4.6)
5. D-TENSOR OF FIRST KIND

In F*, there exists D-tensors of two kind. In this settive shall define D-tensor of first kind. L](F.Iijk, be the D-
tensor of first kind, which is such thdy, I' = 0 and'Dyg* = 'D; ='D n. Any third order tensor in“Fsatisfying above

properties can be expressed as
"D = Dy mmymy + Dy + Dig) Pipj P + Diay Yy {mimynid
+ X {mMim pd + DX {ninmit + Dy Zaw{mi (n pe + Ny}
+ B2 {nin pd + DeXn{Pibimid + DaoXw{Pipng (5.1)

Multiplying equation (5.1) by'fy we obtain on simplification

'D; = (Dy) + Dis) + Digy)M; + (Diz) + Dy + Dao)i + (D) + Dis) + Dig)p (5.2)
Which implies
D + D)+ Digy = 0, D2y *+ Digy + Doy = 'D, Dig) + D) + Digy = 0 (5.3)

Substituting from (5.3) in (5.1), we can write
'Di = Dy mmymy + Dyninini + Dy pip; P + Diay Yy {mMimini
+ Ry {mim; pd + DeXan{ninmd + D) Zag{mi (4 pe+ ey}
-(R) + D) Xaiw{niny pd - (D oy + Dey) L {Pipmit
+ (‘D-D2) —Da) Lo {pipiid (5.4)
From equation (5.4), we can give

Definition 5.1: In a four- dimensional Finsler spacé the tensoi‘Duk defined by equation (5.4) is called D-tensor dtfi
kind.

This tensor can also be expressed as
Dik = Xin{mMmiXx + nY i + pZi, (5.5)
Where
Xik = (1/3) Qymmy + (1/2) Qay (Mine + men;)

+(1/2) (M pc+ may) + (1/3) Dy + pa) (5.6)

Yi = (1/3) Dynink — (1/2)(DQ3) + D)) (1 pe + nepy)
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6 S. C. Rastogi

+(1/2) Iy (M + myny) + (1/3) Dzy(my py + mepy) (5.7
Zj = (1/3) Daypj pi + (1/2)(D- D2y~ Diay)(ny pi + Ny
- (172)(Ry + De)( my pe + may) + (1/3) Q7y(myny + meny) (5.8)

are symmetric tensors of second order.
These tensors defined above satisfy
Xjmk = (1/3) Dym; + (1/2) Dy + (1/2) Dy,
Xjn® = (1/2) Dym; + (1/3) D7y,
Xk P = (1/2) Dgym; + (1/3) Dyyp;,
Ymk= (1/2) Dy + (1/3) Dy,
Yxn = (1/3)Dyn; -(1/2)(Dgy+ Dis)p; + (1/2) Dy,
Yik P = -(1/2) (D3 + D)n, + (1/3) Dy,
Zym' = -(1/2)(Du + D) By + (1/3) Doy,
Zyn'= (1/2)(D- D)~ Dw)pr+ (1/3) Dy,
Zj = (1/3) Dgpy + (1/2)(D- Dizy— D) 1 - (1/2)(Dyy + Degy) . (5.9)
6. D-TENSOR OF SECOND KIND

In this section we shall define asymmetric D-tersfosecond kindand denote it ﬁyijk, which satisfie§Dijk I'=0

andzDijkgjk =°D p. Any third order tensor satisfying these propsrtian be expressed as
’Di = D*y mmmy + D*@ninn + D*g) pip; P + D*ay Y {Miming

+ D52 {minng + D* 2 {mim; pd + D* 7y X {mi (n pe + nepy)}

+ DX {mip pd + D* 92w {nib pd + D* ao i {nin pd (6.1)
Multiplying equation (6.1) by'fy we obtain on simplification
°D; = (D*) + D¥5) + D*@) M + (D*) + D*y + D*g)ny

+ (D*@) + D*6) + D*(10)Pi (6.2)
Which gives

D*@) + D*s) + D*g) = 0, D) + D*a) + D*) = 0,

D*(3 + D*) + D*ag) =D (6.3)
Substituting from equation (6.3) in (6.1), we get
’Dyc = D*ay mmymy + D¥ninin + D*g) PPy P + D*(ay Yo {Miminid

+ DX {minng + D* g2 {mim pd + D* @) Za{mi ( pe + na)}

-(Dly+ D*e) X {mip pd + (D* 2+ D* @) X {nipy pd
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+1D-D* 5) —D*(e) Zaiio{niny pd (6.4)
From equation (6.4), we give

Definition 6.1: In a four- dimensional Finsler spacé Ehe tenso?Dm< defined by equation (6.4) is called D-tensor of

second kind.
This tensor can also be expressed as
"Dijc = i {X* i M + V¥ + Z%¢ pi, (6.5)
Where
X*i = (L/3) DXymymy + (1/2) D¥g(myny + meny)
+ (1/2) D¥g(m; pc + mep;) + (1/3) D¥zy(n; pe + nepy) (6.6)
Y*i = (1/3) D¥gynine + (1/2) D¥s) (Mynie + meny)
+ (1/2) €D-D* 5 = D¥@)(My P + ) + (1/3) D¥ry(my pc + M) (6.7)
Z¥%y = (1/3) D¥gpy pc +(1/2) (D*g) + D*w) (1 P + Nepy)
- (1/2) (D¥g + D*g)(M; py + M) + (1/3) D¥7(myn + men) (6.8)
are symmetric tensorsof second order. These teratissy
X*jm¥ = (1/3) D¥gym; + (1/2) DXy + (1/2) D¥gyp;,
X* = (1/2) D¥aym; + (1/3)D*eyp;
*i P = (1/2) DXgm; + (1/3) D*op;s
Y*jm¥ = (1/2) D¥gyn; + (1/3) D¥op;,
Y’ = (1/3) DXy + (1/2) D%gm; + (1/2) €D-D* )~ D*e) P,
i P = (1/2) {D-D* 3~ D¥e)n; + (1/3) Dy,
Z%m' = - (112) (D + D¥e)p; + (L/3) DXy,
Z%n* = (1/2) (D*z) + D*@) p +(1/3) D¥zym,
*1 P = (1/3) D¥g)p; +(1/2) (D*z) + D* @) 0y - (1/2) (D*yy + D*s) M. (6.9)
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